[1] The microstructure of partially molten rocks plays a key role in determining their physical properties. The area fraction of intergranular contact, contiguity, governs the establishment of a skeletal framework of solid grains and controls the effective elastic moduli of the aggregate. This work presents a theoretical calculation of steady state grain shape, contiguity, effective elastic moduli, and S and P wave velocities for a partially molten aggregate containing an approximate melt volume fraction of 0.09. The steady state microstructure is controlled by surface tension gradients arising from interaction among adjacent grains in a close-packed aggregate. The ratio of viscosity between the grains and the melt, as well as the capillary number, strongly influence the contiguity. For an aggregate with a high viscosity ratio, surface tension-driven faceting is suppressed due to the large viscous resistance of the grains, leading to a small contiguity. Both V S and V P decrease in a nonlinear fashion with an increasing viscosity ratio for all capillary numbers. When extrapolated to the conditions similar to the core-mantle boundary, a 3:1 ratio of shear to P wave velocity reduction can be explained by a melt volume fraction of 0.15.
Introduction
[2] Microstructure strongly influences the bulk properties of a partially molten aggregate. Electrical conductivity [ten Grotenhuis et al., 2005; Roberts and Tyburczy, 1999; Yoshino et al., 2003] , permeability [Wark and Watson, 1998; Riley and Kohslstedt, 1991; Faul, 1997 Faul, , 2001 Hier-Majumder and Kohlstedt, 2006; Hier-Majumder et al., 2004] , mechanical absorption [Gribb and Cooper, 2000; Jackson et al., 2004; Faul et al., 2004] , elastic moduli [Walsh, 1969; Watt et al., 1976; Takei, 1998 Takei, , 2002 Williams and Garnero, 1996] , and viscosity [Hirth and Kohlstedt, 1995; Scott and Kohlstedt, 2006] of partially molten rocks are intimately related to the geometry and volume fraction of the melt. Both laboratory measurements and theoretical estimates indicate that the area of contact between adjacent grains in a partially molten rock is a crucial parameter in controlling the averaged physical properties of the aggregate for a given volume fraction of melt [Takei, 1998 [Takei, , 2000 Yoshino et al., 2005; ten Grotenhuis et al., 2005; . Direct observation of microstructure of annealed aggregates [Faul, 1997; Yoshino et al., 2005; Hirth and Kohlstedt, 1995] , measurements of electrical conductivity [ten Grotenhuis et al., 2005; Roberts and Tyburczy, 1999] , and permeability [Wark and Watson, 1998] indicate that as the volume fraction of melt increases, a larger fraction of grain-grain contacts is wetted, leading to a variation in the effective physical properties. One powerful method of quantifying the grain-grain contact area is the ''contiguity'' of the aggregate, the ratio between the intergranular contact area over the total area of a solid grain [Takei, 1998 [Takei, , 2000 . Experimental measurement and theoretical models of steady state contiguity of rigid grains indicate that the contiguity of an aggregate varies strongly with the melt volume fraction [von Bargen and Waff, 1986; Takei, 1998 Takei, , 2000 Yoshino et al., 2005] .
[3] Under elevated pressure and temperature, solid grains deform in a time-dependent, viscous manner [Hopper, 1990 [Hopper, , 1993a [Hopper, , 1993b Kuiken, 1993; Kang, 2005] . During viscous sintering of multiparticle aggregates, the gradient of surface tension drives a viscous flow within grains and thus controls the steady state shape of the grain [Kang, 2005, Ch 14.2] . Thus in addition to the melt volume fraction, viscosity contrast between the grain and the melt and the relative ratio between surface tension and viscous forces should also control the steady state shape of the grains [Bellehumeur et al., 1996] . Two different groups of theoretical work address the problem of calculating grain shape and contiguity. In the first group of work, melt geometry is calculated based on an assumed steady state grain shape, a uniform grain-size distribution, and the presence of both grain-grain and grain-melt interfaces with distinct surface tensions [von Bargen and Waff, 1986; Wray, 1976; German, 1985; Takei, 1998] . In this approach, grains are rigid since viscous deformation of grains is neglected. Contiguity of an aggregate calculated by this technique is thus strictly a function of only melt volume fraction since deformation of grains and grain size variation is not taken into account. In the second group of work, grain shape is controlled by grain-melt interfacial tension driven viscous deformation [Hopper, 1990 [Hopper, , 1993a [Hopper, , 1993b Kuiken, 1993; Crowdy and Tanveer, 1998 ]. However, in this group of work, interfacial tension along grain-grain contacts is considered either the same as the tension along grain-melt contact or zero, as appropriate for coalescing bubbles. Consequently, the results from the second group of calculations are not testable against laboratory measurement of dihedral angles and contiguity. A robust description of steady state microstructure should thus incorporate the viscous deformation of grains driven by spatially varying, realistic surface tensions.
[4] Effective elastic moduli of the partially molten aggregates are strongly influenced by the contiguity. In the equilibrium geometry model of seismic wave propagation, contiguity of a partially molten aggregate determines the strength of the skeletal framework of the grains and controls the seismic wave velocities [Takei, 2002] . In contrast to the inclusion models of elastic properties [Walsh, 1969; Watt et al., 1976; Berryman, 2000] , the equilibrium geometry model of Takei [2002] allows one to predict the seismic velocity of an aggregate based on models of microstructure that can be compared quantitatively against laboratory measurement of melt geometry [Yoshino et al., 2005] .
[5] Understanding the influence of contiguity on the seismic wave velocities is crucial in deciphering the structure of the Earth's deep interior. While the present body of experimental and theoretical work focuses primarily on the influence of melt fraction on contiguity, the effect of viscosity contrast on contiguity and seismic velocities has not yet been explored. One important area where a detailed understanding of contiguity and seismic velocities will be crucial is the Ultra Low Velocity Zone (ULVZ) at the coremantle boundary. Williams and Garnero [1996] observed a 5 -40 km thick layer, displaying 10% and 30% decrease in P and S wave velocities respectively, indicating the possible presence of partial melt at the base of the mantle. Several subsequent observations confirm the presence of such a thin, possibly melt-rich, ULVZ at the core-mantle boundary [Garnero et al., 1998; Revenaugh and Meyer, 1997; Lay et al., 2004; Masters et al., 2000; Rost et al., 2005] . Such a dense melt-rich layer also plays an important role in the thermal and chemical evolution of the Earth [Jellinek and Manga, 2004; Labrosse et al., 2007; Lay et al., 2004; Garnero and McNamara, 2008] . Using a robust model of contiguity, we can calculate the seismic velocities in this region, thus providing an estimate for the extent of melting in this region.
[6] In this article, I present a theoretical formulation for calculating the steady state contiguity of a partially molten aggregate. In this formulation, surface tension gradient on each grain leads to deformation of the grain until a steady state shape is achieved. Variation in the tension on a grain surface arises from interaction among neighboring grains. Once the steady state grain shape and the contiguity is known, effective elastic moduli and the seismic velocities are calculated using the equilibrium geometry model proposed by Takei [2002] . The governing equations and the solution techniques for calculating the steady state grain shape and contiguity are presented in sections 2 and 3, respectively. An analytical solution for the shape of a single grain, numerical solutions for the shape of a partially molten aggregate consisting of three grains and an approximate melt fraction of 0.09 by volume, and calculated values of seismic velocities through this aggregate are presented in section 4. Finally, I discuss the influence of melt fraction, grain size, and crystal anisotropy on contiguity and provide an estimate for melting in the ULVZ at the core-mantle boundary in section 5.
Formulation
[7] Steady state grain shape in a partially molten aggregate is determined by a coupled viscous flow within the grain and the melt. In this section, I present the governing equations for the viscous flow, and the method for calculating contiguity and seismic velocities from the steady state grain shape.
Governing Equations
[8] Consider a collection of N viscous grains immersed in a viscous melt. The shape of the k-th grain is described by the function F k (r, t) = 0, where r is the position vector. The grains as well as the melt are treated as incompressible fluids, rendering the velocity field u nondivergent,
Conservation of momentum within each grain and the melt requires, in the absence of a body force,
where the stress tensor T for a fluid with a viscosity m and a pressure field P is given by,
where I is the identity matrix.
[9] I employ a no slip boundary condition at the grainmelt interface [Pozrikidis, 2001; Leal, 1992; Kim and Karilla, 2005] , thus on the interface G k of the k-th grain,
where u k and u m are the velocities of the grain and the melt, respectively.
[10] Continuity of traction across the interface requires [Leal, 1992, Ch. 5] ,
where DT k is the stress drop on the surface of the k-th grain and g(r) is the interfacial tension. The surface gradient operatorr r r is defined as r r r ¼ I Àn
wheren k is the unit normal vector and r r r is the gradient operator. The first term in equation (5) arises from the difference in normal traction across the interface, the second term arises due to variation of surface tension along the interface, and the last term arises from curvature driven surface tension force, where the principle curvature of the interface is given by r r r Án k [Leal, 1992; Pozrikidis, 2001; Kim and Karilla, 2005] . Equation (5) is a vector equation, whose normal and tangential components are often described as Laplace and Marangoni conditions, respectively. The Marangoni condition indicates that the variation of interfacial tension along the grain surface leads to an imbalance of shear stress and drives viscous deformation within the grain. Variations in tension on the grain surface can arise from either crystal anisotropy [Kang, 2005, Ch. 15.3] or due to ''midrange forces'' arising from the interaction with neighboring particles [Israelachvili, 1991] . In this work, I treat the variation in surface tension due to midrange forces, however the same analysis can be employed to incorporate the effects of crystal anisotropy.
[11] In an aggregate containing multiple grains, using polar coordinates, the surface tension g k on the surface of the k-th grain is given by
where g 0 is a constant, and g 1 (q) is the variation arising due to interaction with other grains. In two dimensions, the influence of midrange forces arising from neighboring particles can be modeled using a sixfold close-packed symmetry of the aggregate, where each grain is surrounded by six others. In this symmetry, the tension on a grain surface, g k , varies continuously between grain-grain tension, g gg , and grain-melt tension, g gm , along the circumference of the grain. An appropriate form for g 1 (q) then becomes,
where g is a constant. The constants g 0 and g can be expressed in terms of g gg and g gm by
and
[12] Finally, the change in the shape of the k-th grain with time is constrained by the kinematic condition,
In the steady state, textural equilibrium is attained and the first term on the left hand side of equation (12) becomes zero.
[13] Velocities and pressure fields within each grain and the melt must satisfy mass and momentum conservation equations (1) and (2) and boundary conditions given in equations (4) and (5). Once the velocities at the surface of a grain are known, the shape of the grain can be updated by using the kinematic condition (12). The shape of a grain is coupled to the presence of other grains in two ways: the velocities are coupled through the no-slip boundary condition given in equation (4) and the surface tension on a grain is coupled to the presence of other grains by packing geometry as described by equation (7).
[14] The governing partial differential equations (PDEs) (1) and (2), and the boundary conditions given by equations (4) and (5) can be reduced to a vector Boundary Integral Equation (BIE). The derivation was first developed by Ladyzhenskaya [1963] , and has since been described in several texts and articles [Ladyzhenskaya, 1963; Pozrikidis, 2001; Kim and Karilla, 2005; Happel and Brenner, 1983; Rallison and Acrivos, 1978; Pozrikidis, 2001; Manga and Stone, 1993] . In this article, I follow the derivation outlined by Manga and Stone [1993] and Pozrikidis [2001] , describing the interaction between multiple deformable viscous drops. Using the BIE instead of the governing PDEs has three major advantages: (1) since the unknowns are evaluated only at the interface, the dimensionality of the problem and computational efforts are reduced; (2) this technique is particularly useful for moving boundary problems; and (3) this technique incorporates both kinds of interparticle interaction through the single and double layer integrals described below.
[15] For an aggregate containing N grains embedded in a melt, the velocity u i (r 0 ) at a point r 0 on the surface of the i-th grain is given by:
where the point r 0 is often called the ''pole point'' and the point r on the surface of the k-th grain is called the ''field point'' [Pozrikidis, 2001] . The quantity u p is the velocity on the interface of the p-th grain, l p is the ratio of viscosity between the p-th grain and the melt. The velocity u 1 (r 0 ) represents contributions arising from any prescribed farfield velocity. The tensors J(r, r 0 ) and K(r, r 0 ) are kernels arising from distribution of point sources along the interface [Pozrikidis, 2001; Ladyzhenskaya, 1963; Kim and Karilla, 2005] .
[16] For the two-dimensional analysis in this article, the second rank tensor J(r, r 0 ), also known as the Stokeslet, is given by the two-dimensional free space Green's function,
and the third rank tensor K(r, r 0 ) is given by,
where jr À r 0 j is the distance between the pole and the field point [Pozrikidis, 2001, Ch. 2.6] . When the distance between the points becomes vanishingly small, both J(r, r 0 ) and K(r, r 0 ) approach infinitely large values and render the integrals in equation (13). Despite the singularity of the kernels, both boundary integrals in equation (13) exist in a Cauchy principal value sense [Pozrikidis, 2001; Ladyzhenskaya, 1963; Kim and Karilla, 2005] . The integrals on the right hand side of equation (13) are referred to as the ''single layer'' and the ''double layer'' integrals respectively. The term Df k (r) in the single layer integral arises from the surface tension at the field point and can be calculated using the boundary condition (5) as:
where the symbols and operators are already described above. While the single layer integral arises from surface tension, the double layer integral is caused by the difference between stresses within the grain and the melt [Pozrikidis, 2001] .
[17] After nondimensionalizing the length scales in the governing equations by the grain size a, velocities by a characteristic velocity scale u 0 , and the surface tension by g 0 , we find for an aggregate containing grains of equal viscosity, the nondimensional kinematic condition and BIE become
where the nondimensional capillary number Ca, the ratio between the viscous to the surface tension force, can be expressed in terms of the melt viscosity m m , surface tension g 0 , and a reference velocity scale u 0 as,
The ratio between the viscosity of the grains and the melt, l, and the capillary number, Ca, are two major parameters that control the steady state grain shape and contiguity. A linear constitutive relation, such as equation (3), implies that deformation within the grains takes place by diffusive mass transfer. Consequently, we can use a diffusive velocity scale u 0 = D/d, where D is cation diffusivity within the grains and d is the grain size. Thus we can rewrite the capillary number as,
Direct evaluation of Ca at conditions similar to the coremantle boundary region is limited by the available measurement of melt viscosity and diffusivity under such conditions. However, using laboratory measurements under upper mantle conditions for m m = 0.1 Pas [Liebske et al., 2005] , [Cooper and Kohlstedt, 1982] , we obtain Ca = 1 Â 10 À7 , for a grain size of 10 microns. The numerical experiments in this work were done for values of Ca between 1 and 1 Â 10 À6 and l between 1 and 1 Â 10 6 .
Contact Function and Contiguity
[18] The region of intergranular contact between grains can be quantified by using the contact function, which assumes a value of unity at the grain-grain contact and is zero everywhere else [Takei, 1998 ]. I use the interfacial curvature to define the flat area of contact between two adjacent grains. Once the shape function, F k , of the k-th grain is known from equations (17) and (18), the normal and tangent vectors and the mean curvature, k, at a point on the interface can be calculated analytically. Next, I use k to calculate the contact function X by using the relation:
where k is a prescribed small curvature corresponding to the grain-grain contact. The interpolation in equation (21) is used to identify whether a point on the surface of the grain belongs to a grain-grain contact or grain-melt contact. In the present two-dimensional analysis, the length of grain-grain contact l gg and grain-melt contact l gm are given respectively by integrating the weighted length fraction over the surface G k of the k-th grain:
Finally, in this article, I follow the nomenclature of Yoshino et al. [2005] to determine contiguity y as
The definition of contiguity used in equation (23) implies that due to the rotational symmetry, the fluid is restricted into tubules along grain edges. While in experimental samples, some fraction of the melt can be contained in grain corners or boundaries. However, for dihedral angles smaller than 60°, this fraction of melt contained in grain corners or grain boundaries is likely to be statistically insignificant and experimental measurement of contiguity from a twodimensional cross-section can be directly compared with the two-dimensional calculation from this work. For aggregates with a large fraction of melt residing in grain corners, a correction needs to be done to convert twodimensional length measurements into three dimensions [Gifkins, 1970; Hier-Majumder et al., 2005] .
Seismic Velocities
[19] Velocity of seismic waves traveling through a partially molten aggregate is controlled by the effective elastic moduli of the aggregate. The effective elastic moduli, in turn, are controlled by the strength of a skeletal framework, where each grain is linked to its neighbor through an area of intergranular contact. In this article, I use the equilibrium geometry model, proposed by Takei [2002] , to calculate the effective elastic moduli and the seismic wave velocities. According to the equilibrium geometry model, the ratio between the S and P wave velocities through the partially molten aggregate and the solid is given by
where K, m, and r are the bulk modulus, shear modulus, and density of the solid, and b = m/K. The quantity r is the volume averaged density of the aggregate. The quantity N is the shear modulus of the intergranular skeletal framework and K e is the effective bulk modulus of the grain-melt aggregate.
[20] The elastic moduli can be expressed in terms of contiguity y as
where K m is the bulk modulus of the melt, and the functions g(y) and h(y) are given by,
where the exponents n and m also depend on the contiguity y [Takei, 2002, Appendix A] . Equations (26) and (27) display the explicit dependence of the elastic moduli on the melt volume fraction f and contiguity y. In the absence of melt(f = 0) and absolute contact between the solid grains (y = 1) both shear and bulk moduli of the aggregate become the same as those of the solid. In the absence of solids (f = 1), the effective shear modulus becomes zero, while the effective bulk modulus becomes equal to that of the melt. Equations (26) and (27) also indicate that at a given melt fraction, variations in the contiguity of the aggregate leads to variations in the elastic moduli of the aggregate. The work presented in this article investigates the influence of such variations in contiguity at a constant melt volume fraction on the seismic velocities of the partially molten aggregate.
[21] One interesting application for the calculated seismic velocity includes the ULVZ at the core-mantle boundary. I used available experimental data for MgSiO 3 perovskite [Funamori et al., 1996] and mid-oceanic ridge basalt [Ohtani and Maeda, 2001 ] and first-principles-moleculardynamics (FPMD) results for MgSiO 3 perovskite solid and melt [Stixrude and Karki, 2005] to evaluate the bulk moduli of the solid and the melt at a pressure of 136 GPa. Based on the experimental data, the bulk moduli at atmospheric pressure were 261 GPa and 18.1 GPa and the pressure derivatives were 4 and 5.5 for the solid and the melt, respectively. While based on the FPMD data, the bulk moduli were 162 GPa and 10.1 GPa and the pressure derivatives were 4.3 and 7.6 for the solid and the melt, respectively [Stixrude and Karki, 2005] . I used a value of b = 0.6 in equation (25), and a density ratio of 1.1 between the melt and the solid, using the data from the work of Ohtani and Maeda [2001] .
Methods
[22] This work employs two different analyses to determine the influence of surface tension gradients on grain shape. While a general analytical solution for grain shape under an imposed surface tension field is desirable, the strong nonlinearity arising from the product of the normal vectors and velocity or its derivatives in the stress jump (equation (5)) and the kinematic condition (equation (12)) renders the task extremely difficult. In the limit of small deformation, however, a linear analysis can provide a good first order approximation of the solutions. For larger deformation, however, a numerical solution to the BIE employing the Boundary Element Method (BEM) is necessary. In section 3.1, I present the method for linear analysis of the shape of a single grain surrounded by the melt for an axisymmetric condition, and in section 3.2, I outline the methods employed in numerical solution of the BIE using BEM.
Linear Analysis
[23] In this section, I derive a linearized differential equation governing the steady state shape of a grain under the influence of a prescribed gradient of interfacial tension. As discussed earlier, variation in interfacial tension along the surface of a grain can arise from crystal anisotropy or due to midrange forces arising from neighboring grains. For both the grain and the melt, governing equations for mass and momentum conservation are given by equations (1) and (2). In the spherical polar coordinate system, assuming axial symmetry, the shape distortion takes place only along the colattitude, q. Thus in the limit of small deformation, the shape of the grain is given by
where f(q) is an unknown shape function, a is the radius of the ideal sphere, and ( 1 is a constant. The unit normal at a point on the surface of this perturbed shape is,
The deviation from the unperturbed state is caused by introducing a small perturbation g 1 (q) to the surface tension,
where g 0 is the interfacial tension in the unperturbed state. Since g 0 is constant, the velocities within the grain and the melt are zero, rendering the zeroth order stress jump condition in equation (5) as
In the perturbed state, g 1 (q) drives the viscous flow within the grain and the melt. Following Lamb [1895] , velocity and pressure within the grain and the melt can be expanded in a series of solid spherical harmonic functions p n and F n [Lamb, 1895; Kim and Karilla, 2005; Happel and Brenner, 1983; Taylor, 1932] . In an axisymmetric, irrotational flow, the pressure, P(r, q) and velocity u(r, q) can be expressed as:
where r is the position vector. The harmonic functions p n (r, q) and F n (r, q) consist of the Legendre polynomial P n (cos q) and unknown constants to be determined from the boundary conditions. The description of the harmonic functions and the coefficients are provided in Appendix A.
[24] Velocity and pressure fields within the grain and the melt contain a total of 4n unknowns. these unknowns are determined from the boundary conditions at the grain-melt interface. In steady state, the kinematic relation (12) reduces to
where the superscripts g and m refer to the grain and melt, respectively. Continuity of the tangential component of velocity at the interface is ensured by the boundary condition,
whereq is the unit tangent vector. Together, boundary conditions (36) - (38) ensure that no slip takes place at the grain-melt interface. Finally, the tangential component of the stress jump condition given by equation (5), yieldŝ
By prescribing the interfacial tension g 1 (q) in a series of Legendre polynomials,
I obtain a set of 4n algebraic equations containing 4n unknown coefficients. As described in Appendix A, equating n-th terms in each equation, the coefficients can be easily calculated.
[25] In the linearized form, the influence of each term of order n on the shape function f(q) can be expressed by a sum of n unknown functions f n (q),
Substituting the n-th term in the velocity and pressure fields into the normal component of the stress jump boundary condition (5) leads to the O() ODE in f n (q),
The second term on the right hand side of equation (42) arises due to the variation in interfacial tension and controls the steady state grain shape. Notice that this term is also modulated by the viscosity ratio l. Equation (42) can be integrated using the boundary conditions f(0) = 0 and df n (p)/dq = 0. I present a solution to equation (42) and discuss the influence of the viscosity ratio l on the solution in section 4.1.1. [26] In an aggregate composed of multiple particles, boundary velocities and shapes of each particle are strongly coupled to the other particles, as described by the BIE (18). Evolution of the shape of each grain is dictated by the kinematic condition (17). I solved the BIE in two dimensions, for an aggregate of three grains, in the absence of a far-field velocity u 1 . To test the influence of crystal habit on the steady state contiguity, I used two different initial conditions. In the first set, the grains were considered as unit circles. In the second set, 1% perturbation of the form cos 2 3q was added to the unit circle shape. For each initial condition, I calculated the steady state shape for 14 different values of l, ranging between 1 to 1 Â 10 6 , and 10 different values of Ca, ranging between 1 to 1 Â 10
Numerical Analysis
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, giving rise to a total of 280 numerical experiments.
[27] I used a Fortran 90 code to carry out the numerical analysis in a 32 processor, 4 node, SGI Altix 1300 cluster, compiled using the intel ifort compiler. The code was benchmarked against two analytical solutions. For an isolated drop translating in a surrounding fluid, the numerical solution from the code was benchmarked against the Hadamard-Rybczyñski relation [Kim and Karilla, 2005; Happel and Brenner, 1983] . The solver was also benchmarked against an analytical solution for the Poisson equation. The agreement between the numerical results and the analytical solutions were extremely strong in both cases. Three major actions performed by the code are discretization of the BIE, evaluation of the integrals, and updating the grain shape. In the following three subsections, I provide a brief description of each step.
Discretization
[28] In this analysis, each grain was divided initially into 100 boundary elements. I interpolated the velocity within an element as a linear function of the unknown nodal velocities. The position of a point within an element was calculated by using a cubic spline interpolation as a function of the nodal positions [Press et al., 1992] . Both the single and double layer integrals were expressed as a sum of integrals over each boundary element. Using the method of collocation, I placed the pole point on a node and discretized both components of the vector BIE (18) [Pozrikidis, 2001; Manga and Stone, 1993; Rallison and Acrivos, 1978] . By repeating this procedure for each node, the BIE was transformed into a set 2 P N k¼1 n k algebraic equations, where n k is the number of elements in the k-th out of N grains, given by,
where the dense matrix A is obtained by integrating the double layer integrals over each element, the vector u is an array containing nodal velocities of each particle, and the vector b arises from evaluating the single layer integral at each node. In the special case of l = 1, the double layer integral in equation (18) vanishes, and A becomes the identity matrix.
Evaluation of the Integrals
[29] The kernels J(r, r 0 ) and K(r, r 0 ) approach singular value as the pole r 0 approaches the field point r. Since the method of collocation involves assigning nodal points to pole points, both the vector b and the matrix A contain singular integrals. A number of different integration techniques can be employed to solve the singular integrals [Pozrikidis, 2001; Lean and Wexler, 1985; Guiggiani and Gigante, 1990; Lachat and Watson, 1987; Telles, 1987; Gao, 2006] . I found the radial integration method proposed by Gao [2006] to be more accurate and efficient than traditional Lachat-Watson and Telles transforms. This technique is also better suited for implementation in a parallel programming environment. In this technique, the integration is performed along a radial path from the pole point following a transformation of the integration variable within a singular element. See Gao [2006] for more details of this technique and benchmarks. Within nonsingular elements, the integration was performed employing an eight point Gaussian quadrature rule.
[30] It is necessary to ensure that the volume of each grain remains constant. Accumulation of numerical errors in velocity calculation can give rise to a nonzero volume change of the grains. The condition for nondilatancy within each grain is satisfied if the normal velocity at the interface becomes zero,
The presence of the nondilatancy condition (44) and the BIE (18), renders the system overdetermined. The numerically optimal solutionû satisfying equation (18) while maintaining the nondilatancy condition (44) was obtained by employing a velocity optimization scheme [Press et al., 1992, Ch. 18.5] . Implementation of this scheme is discussed in Appendix B.
Updating the Grain Shape
[31] Once the velocity is calculated, the shape of the grain is updated by advecting the position of Lagrangian marker points along the interface. In this analysis, the nodes were used as the Lagrangian marker points. To advance the position of the nodes employing equation (17), a Eulerian forward time integration scheme was used while adjusting the time step following Courant's condition to ensure stability of the solution [Press et al., 1992, Ch. 19.1] . Since this is a moving boundary problem, evolving interfaces often develop high curvature elements. After updating the position of the nodes, the curvature at each node was calculated, and high curvature nodes were eliminated. Since the position within the elements is interpolated using a cubic spline interpolation, curvature of each element can be calculated analytically and used for mesh regeneration. Numerical convergence was reached well within the number of iterations performed for each experiment.
Results
Grain Shape 4.1.1. Analytical Solution
[32] The steady state shape of a single drop under a spatially varying interfacial tension is governed, in the limit of small deformation, by the ODE (42). The shape obtained by solving equation (42) is dictated by the n-th order Legendre polynomial governing the surface tension. For Figure 1 . Steady state shape of a grain under a spatially varying interfacial tension. The interfacial tension is described by (a) second and (b) third order Legendre polynomials. In both figures, thick arrows outside the grain depict the field due to the surface gradient of surface tension. Arrows within the grain represent the velocity field. The particle with the solid outline corresponds to l = 0.01 and the one with the broken outline represents l = 1000. The plot was made for = 0.01, Ca = 1/, g n = 1, and a = 1. order 2, the analytical solution for the unknown shape perturbation is given by,
The steady state shape of the single grain is strongly controlled by the variation in interfacial tension. The plots in Figure 1 depict the grain shape of orders 2 and 3, respectively. In both plots, thick arrows outside the grain display the gradient of tension on the surface of the grain. Arrows inside the grain display the velocity field within the grain as given in equation (35). Length of the arrows in both plots indicate the strength of the field. In both plots, a strong gradient of surface tension drives a tangential, shear flow within the grain. In contrary, regions of weak surface tension gradients are associated with radial flow and high curvature of the surface. The grain shape outlined by the solid and broken curves correspond to l = 0.01 and l = 1000, respectively. Both plots indicate that the steady state grain shapes are different for different values of l.
Numerical Solution
[33] In a multigrain aggregate, the steady state shape of a grain is controlled by both the midrange forces as well as the velocity field of the neighboring particles. Consequently, both the capillary number Ca and the viscosity ratio l influence the shape of the grains. three grains in the aggregate displayed in Figure 2 display the shape variation due to the viscosity ratio. The initial shape of the grains contained 1% faceting as indicated in section 3.2. The aggregate with the smaller viscosity contrast between the grains and the melt display a larger extent of deformation and enhanced faceting of the grains. The variation of interfacial tension deforms the grains. However, viscosity of the grains resist the deformation and thus, for a given capillary number, the grains with larger viscosities show a smaller extent of faceting.
[34] Contiguity of the steady state microstructure shows a marked dependence on both the capillary number and the viscosity ratio. The plot in Figure 3 displays the variation of log(y) as a function of log(Ca), for two different values of l. The plot in Figure 3a depicts data from experiments on initially faceted grains, whereas the data for the plot in Figure 3b was obtained from an aggregate consisting of initially circular grains. For the viscosity ratio l = 4 Â 10 5 , two different regimes can be identified in both plots. At small capillary numbers, contiguity displays little variation with an increase in the capillary number, until Ca approaches unity, when contiguity drops sharply. At this value of the capillary number, the viscous resistance and the surface tension forces become comparable, and the grains do not flatten extensively. For an isoviscous aggregate (l = 1), however, such a transition is not observed. For isoviscous grains, the viscous resistance of the grain to deformation is less and the grains undergo extensive deformation in response to the surface tension, for all values of Ca.
[35] The influence of the viscosity ratio on the variation of log(y) is depicted in Figure 4 
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, however, the variation is more moderate. Based on the similarity between the trends displayed by results from aggregates with and without initial faceting, it appears that l and Ca are the two major controls on the contiguity at a given volume fraction of melt, while crystal habit plays a secondary role.
[36] Combined influence of both the capillary number Ca and the viscosity ratio l on contiguity y are displayed in the map in Figure 5 . The data in the map is obtained from 140 numerical experiments performed on initially faceted grains. While the trend of contiguity with Ca is as depicted in Figure 4 is discernible, the influence of viscosity ratio on contiguity is more striking. The map shows an overall decrease in contiguity with an increase in the viscosity ratio l due to the resistance of grains to faceting. The data from numerical experiments with initially circular grains, although not shown here, display an identical trend.
Seismic Velocity
[37] Contiguity of a partially molten aggregate strongly influence the effective elastic moduli of the aggregate. As discussed earlier, large contiguity of a partially molten rock indicates a higher fraction of grain-grain contact, leading to the establishment of a strong skeletal network. The plot in Figure 6 displays the variation of the effective normalized shear modulus of the skeletal network as a function of contiguity of the aggregate. An estimate of effective skeletal elastic moduli based on the experimental measurement of contiguity in the work of Yoshino et al. [2005] is also overlaid on the plot. The contiguity y reported from the experimental work of Yoshino et al. [2005] lies well within the range of data from the numerical experiments in this work.
[38] Both S and P wave velocities are strongly influenced by the viscosity contrast of a partially molten aggregate. The plot in Figure 7 portrays the variation of normalized wave velocities as a function of the viscosity ratio. While the Figure 5 . Variation of contiguity y as a function of the capillary number Ca and the viscosity ratio l from 140 measurements from numerical experiments. The grains in the initial aggregate contained 1% faceting to mimic crystal habit. Figure 6 . Plot of effective shear modulus of the ''skeletal network'' formed by the intergranular contact as a function of contiguity. The effective shear modulus N was calculated from the contiguity as outlined by [Takei, 2002, Appendix A] . Data from the experimental work of Yoshino et al. [2005] is overlaid with the label ''YTWW 05.'' The viscosity contrast corresponding to the data points are displayed in the legend. normalized velocities of both waves display a decreasing trend with increasing viscosity contrast, S wave velocities are reduced more drastically than P wave velocities. Since the normalized P wave velocity depends on the bulk moduli, two sets of V P /V P0 values are plotted corresponding to the bulk moduli obtained from experimental and FPMD calculations [Ohtani and Maeda, 2001; Funamori et al., 1996; Stixrude and Karki, 2005] . Both data sets display a reasonable agreement. The plot also compares two different values of Ca. The data set with Ca = 1 shows a stronger variation in normalized seismic velocity with l compared to the data set with Ca = 1 Â 10
À6
. However, the data for Ca = 1 Â 10 À6 still indicates that an increase in l by 6 orders of magnitude reduces normalized S and P wave velocities by approximately 46% and 12%, respectively.
[39] Normalized S and P wave velocities from initially faceted aggregates are mapped as a function of Ca and l in Figures 8a and 8b , respectively. Both maps indicate that seismic velocities are reduced more drastically at higher viscosity ratios. As discussed in section 4.1.2, high viscosity grains are stronger and more resistant to faceting. Consequently, the area of flat intergranular contact reduces with an increase in the viscosity of the grains. Shear waves indicate a much stronger sensitivity to the change in contiguity compared to the P waves. While the S wave velocity displays a reduction between 30% and 99%, P waves experience between 12% and 25% reduction.
5. Discussion 5.1. Influence of Melt Fraction, Grain Size, and Anisotropy
[40] The result from this work indicates that the contiguity of an aggregate with a fixed volume fraction of melt can vary substantially with the capillary number and the viscosity contrast between the grain and the melt. A large number of previous experimental and theoretical works indicate that, for a given aggregate (with constant values of Ca and l) contiguity displays a strong variation with melt fraction [von Bargen and Waff, 1986; Takei, 1998 Takei, , 2000 Yoshino et al., 2005] . Thus a crucial next step to address the issue of contiguity and seismic velocity is a theoretical investigation of the influence of melt fraction, coupled with viscosity contrast and the capillary number on contiguity. The influence of the viscosity ratio and capillary number can also be verified experimentally. While the first parameter can be controlled directly by using different starting materials, the capillary number can be controlled by varying the grain size of an aggregate. Experimental results also indicate that anisotropic surface tension of crystals can give rise to wetting of the grain-grain contacts and influence the contiguity [Faul, 1997] . The current formulation can be used to model the effect of crystal anisotropy on contiguity and seismic velocities.
Melting at the Core-Mantle Boundary
[41] The result from this study provides a first order constraint on the melt volume fraction in a partially molten layer at the base of the mantle. The empirical result from Yoshino et al. [2005] , relates contiguity y to the melt volume fraction f by
where A is an experimentally determined constant, ranging between 1 and 2.3 [Yoshino et al., 2005] . The plot in Figure 9 displays the variation of the logarithmic ratio, R = d ln V S /d ln V P , as a function of the viscosity contrast l, for Ca = 1 Â 10 À6 , for two different values of f in initially faceted aggregates. In the plot in Figure 9 , I used equation (46) with A = 2.3, corresponding to an olivine-basalt aggregate, to extrapolate the contiguity at f = 0.15. Both data sets indicate that the value of R increases rapidly with an increasing viscosity contrast at lower values of l, but the change becomes much less pronounced at viscosity contrasts exceeding 10 4 . The flattening trend of the data, combined with the normalized seismic velocity in Figure 7 , indicates the results from this data set can be safely extrapolated to the ULVZ aggregate, which presumably displays a higher viscosity contrast. The height of the broken rectangle indicates the observed values of R for waves returning from the depth of 2900 km lie in the range of 2.5-3.2 [Masters et al., 2000] . Using Gassmann's Figure 7 . Plot of normalized seismic velocity as a function of the viscosity ratio l for two different values of Ca as indicated in the legend. The aggregate contains initially faceted grains. Seismic velocities were calculated using the equilibrium geometry model [Takei, 2002] . The values of V P /V P0 , calculated using bulk moduli from experimental measurements of Funamori et al. [1996] . Ohtani and Maeda [2001] is plotted with open symbols, and FPMD simulation of Stixrude and Karki [2005] is plotted with solid symbols. equation, Berryman [2000] demonstrates that the expected value of R at the ULVZ is likely to be 3, shown as the broken horizontal line in Figure 9 . The plot indicates that this observed value of R can be explained quite well by the present model for an approximate melt volume fraction of 0.15 for viscosity contrast between the grain and the melt exceeding 10 4 .
[42] The estimated melt volume fraction of 0.15 has two extremely important consequences for the dynamics of the core mantle boundary. Firstly, this predicted melt volume fraction is likely below the ''disaggregation point'' of the ULVZ aggregate. Theoretical models , as well as rheological measurements [Scott and Kohlstedt, 2006] indicate that at melt fractions between 0.25 to 0.3, contiguity becomes zero leading to disaggregation of the grain matrix. Consequently, the effective viscosity of the medium (different from individual viscosities of the grain and the melt) changes by several orders of magnitude near disaggregation. Based on laboratory measurements by Scott and Kohlstedt [2006] , we can use the predicted melt volume fraction to estimate the ratio of the effective viscosity of the melt-rich ULVZ to the unmelted mantle,
where a is a constant %25 for an olivine-basalt aggregate. For f = 0.15 the ratio of effective viscosities is approxi- Figure 8 . Map of normalized (a) S and (b) P wave velocities through a partially molten aggregate containing a melt fraction of %0.09, as a function of Capillary number Ca and viscosity ratio l. The reference velocities V S0 and V P0 represent the respective velocities through a single crystal of the solid. The grains in this simulation were initially faceted. mately 0.02. This result agrees well with laboratory experiments on plume formation above a dense, low viscosity layer [Jellinek and Manga, 2004] .
[43] The second implication of the predicted melt volume fraction is the possibility of melt retention in the ULVZ by grain boundary tension. A theoretical model of magma storage by two-phase flow indicates that at melt fractions less than the disaggregation fraction, capillary tension on the grain boundaries reduce the efficiency of buoyancydriven melt transport and prevents pooling of a heavy melt at the base of a melt-rich layer . This phenomenon, however, can only take place when the contiguity of the aggregate is nonzero. The observed ULVZ at the core-mantle boundary east of Australia displays a uniform distribution of a melt, 10% denser than the grains, throughout the ULVZ [Rost et al., 2005] , indicating that downward percolation of this heavy melt is prevented by some mechanism. The estimated melt fraction of 0.15 in this work permits melt retention by grain boundary tension and provides a mechanism for the structure of the ULVZ observed by Rost et al. [2005] .
Conclusions
[44] The major conclusions from this work are as follows:
[45] 1. Geometry of melt and grains in a partially molten aggregate with a constant melt fraction is controlled by the capillary number of the aggregate and the viscosity contrast between the grains and the melt. The ratio of viscosities of the grain and the melt exerts a stronger control on the area of intergranular contact and contiguity of the aggregate.
[46] 2. Under a given melt fraction, grain size, and capillary number, grains with higher viscosity than the melt resist deformation and develop weaker faceting, resulting in a smaller area of intergranular contact.
[47] 3. Since the bulk mechanical properties and the strength of a skeletal network depend on the area of intergranular contact, high viscosity contrast leads to large reductions in the seismic velocity.
[48] 4. When extrapolated to the condition at the coremantle boundary, the current data indicates that the ULVZ s at the core mantle boundary are likely to contain less melt than the disaggregation melt fraction.
Appendix A: Analytical Solution
[49] In this section, I present the derivation of coefficients in Lamb's solution for the velocity and pressure fields within the grain and the melt. As discussed in section 3.1, the velocity and pressure fields for a Newtonian, viscous fluid can be expanded in a series of harmonic functions given by equations (34) and (35) [Lamb, 1895] . To avoid singularity at the center of the grain and infinite velocities far away from the grain, only n ! 1 and n < 0 are chosen for the interior of the grain and the melt, respectively. Thus the simplified form of the harmonic functions become: p n ¼ a n r n P n cos q ð Þ;
f n ¼ b n r n P n cos q ð Þ; ðA2Þ
f ÀnÀ1 ¼ B n r ÀnÀ1 P n cos q ð Þ:
Substituting these solutions into four boundary conditions evaluated at r = a given by equations (36) - (39), and separating the terms corresponding to each n, we obtain four algebraic equations for the four unknown coefficients.
Solving the algebraic equations, we find, a n ¼ g n a n Figure 9 . Variation of the logarithmic ratio R = d ln V S /d ln V P as a function of viscosity ratio l at the core mantle boundary, for Ca = 1 Â 10
À6
, for aggregates with initial faceting. The data in symbols correspond to two different melt fractions indicated in the legend. The broken horizontal line corresponds to R = 3. The height of the broken rectangle in the right indicates the variation in observed values as reported by Masters et al. [2000] .
Substituting the values of the coefficients, velocity and pressure fields within the grain and in the melt can be obtained.
Appendix B: Velocity Optimization
[50] In the numerical analysis, boundary velocities of the particles are calculated from the discretized form of BIE given by equation (43). The velocities obtained by solving equation (43), should also satisfy the nondilatancy condition given by equation (44). However, the presence of these conditions makes the system overdetermined. Thus a numerical scheme is required to optimize the velocity such that it satisfies the BIE (43), while satisfying equation (44) 
where d is the first variation with respect to u, and a is a Lagrangian multiplier determining the relative importance of the two conditions.
[51] Let us define the nodal dilation b i for the i-th node as:
whereû is the exact solution, N is the number of nodes, and is the total error associated over all nodes. We want to minimize this error by optimizing the velocity. Since < 1, a yet more rigorous condition would require minimizing the square of . Following the methods outlined in [Press et al., 1992, Ch. 18 .5] we can express functional A[u] = by the following relation:
The right hand side of equation (B3) can be also expressed as,
where C is a matrix, dependent on the normal vectors at the node, and b is an array consisting of nodal normal velocities obtained by solving the BIE (43). To obtain the second positive functional, B[u], we impose the condition that the desired solutionû has a continuous derivative within each element. Thus following the method outlined in [Press et al., 1992, Ch. 18 .5], we obtain,
where H is a tridiagonal matrix with constant elements [Press et al., 1992] . Combining the definitions of the two functionals, A[u] and B [u] , and the optimization requirement (B1) it can be shown that the variational problem leads to the following equation,
which can be solved to obtain the optimal solution for the boundary velocity.
